
REPORT No. 775

I—DETERMINATION OF

THE THEORY OF PROPELLERS

THE CIRCULATION FUNCTION AND THE MASS COEFFICIENT
FOR DUIiL-ROTATING PROPELLERS

By THXODOEB T= ODOFWN

SUMMARY

Vakm oj tk circuki%mjunetion havebetmobtuimdjor dwu./-
rOtfl.ti~lVO@i?tV’8.iVumeri4m? viz.kws are given forfour-,
eigh.i-,and twelve-bkubdual-rotatingpropellem andjor advance
ratio8jrom 2?to about 6. In addition, the tireuldon junction
hm been determhwdjor eing?.e-rotAn.gpropelk78jor the higher
vahes oj the advanceraiw. The mass coejii%mt, anothmquan-
tdy oj e@@.cunce in propeUer theory, luM been htrodwzd.
~h ma$8coejici-eni,which ti actually the nuan vulueof the cir-
&ion mefient, twpre88e8the e#eetive area of the cobumnoj
the mediumactedupon by thepropeller in terms ojthe propeller-
dtik area. T7aLue8oj the Tn.a178toe-t, which huve been
detmnined directly by epaial measurement and do by in-
tegration oj tti oir&;on function, are given jor the jour-,
eight-, and twelve-btie dwu.1-rotat<ngpropeUer8. The m8 co-
eji.cient hiw do been determinedjor several cases oj tingle-
rotatingpropeUer8,partly for the purpose oj comparing wc.h ex-
perimented@L.e8 with theoreti.d rem.h in the known range oj
low advanceratw8 and partly to eztend the reeu.h to inelwde a
range oj high advancer&io8. The effeet of 8tati0n4zrycounter-
vane8on the mu88coejbient haaaho been deiermin’ixijorMVed
caw oj practical intere8t.

INTRODUCTION

CIRCULATION FUNOTION Kb)

In 1929 Goldstein (reference 1) succeeded in solving the
problem of the ideal lift distribution of single-rotating pro-
pdlem. Goldstein’s work is restricted to the case of a light
loading and also, in effect, to a small advance ratio. Numeri-
eal values given by Goldstein for the optimum circulation
distribution are reproduced in table I and figure 1. Some
additional wdues calculated by Kramer (reference 2) for
higher advance ratios are given in table I and have been
superimposed on the Goldstein r.+iw in figure 1. Numerieal
results by Iack and Yeatman (reference 3) for the four-
blnde propeller are reproduced in table II and figure 2. The
parnm~te; ~ used in ;ables I and II is
vortex angle in the ultimate’ wake

~ 1 V+-W
‘; T

where w is the rearward displacement
vortex surface at intlnity. (A list

the tsmg;nt of the tip

velocity of the helical
of the symbols used

throughout the paper is g&en & the appendix)” These data
have been used for eompmison with results contained in the
present paper.
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TABLE I
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TABLE II

OPTIMUM CIRCULATION DISTRIBUTION FOR THE
FOUR-BLADE PROPELLER
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It should be em~hasized that a distinction has been made
between dimensio& and conditions of the slipstream at the
propeller and those in the ultimati wake, a distinction that
does not occur in the treatment of lightly loaded propellem.
The present paper is concerned exclusively with conditions
in the ultimate wake; in fact, it can be shown that thrust,
torque, and efficiency are all uniquely given as functions of

the ultimate wake only, no knowledge of the propdlor being
necessary except for purposes of actual design. It should
be pointed out that both the diameter and the advance
angle of the ultimate helix are difFerent from the values at
the propeller, the diameter being smaller and the advanco
ratio larger. It can be shown that the distribution func-
tion depemk on the advance angle only. The ideal distribu-
tion function is therefore identical for light and hcmvy
loadings provided both refer to identical helix angles in tlm
ultimate wake.

In figures 1 and 2 the quantity K(z) is a characteristic
function related to the circulation r(z) along the blado as
follows:

‘(z) =2.( T’%)ZO
P

where I’ is the potential difference across the helix surfaco nt
a radius z, p is the number of blades, and ~ is the angular
velocityof the propeller. The quantity

V+w
w—

gr

is the potential drop for a velocity w through a length

E v-l-w..—
P

P;T

which is the axial distance between two successive vortex

sheets. Each sheet has & turns corresponding to rLtin-m of

1 second and there are p separate sheets corresponding to p
blades. The quantity K(z) is thus the nondimensional
expression for the potential drop across the surface of dis-
continuity as a fraction of the available drop in the direction
of the helix axis.

It should be noted that the coefficient K(z) &fFers from the
Goldstein coefficient

*
27rvw

in which the velocity w has been disregarded in comparison
with the advance veloci~ V. The coefficients are identiml
if referred to the same helix anglo of the ultimate wake.

MASS COfIWICIENTK

A sign.iiicant coefficient, which will be termed the maas
coefficient K and which may be shown to be one of the basic
parameters in the propeller theory, is now introduced. It is
given here merely by definition

JK=2 ,l~(Z)~&

where z is the radius and the integral is taken from z= O
to Z=l. By inspection it is noted that K is redly the moan
value of the coefficient K(x) over the disk area. If
K(z) =1, then K= 1,which is the kniting value of K.
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IA physical interpretation of Kis interesting. It is possible
to show that K represents the effective cross-section of the
column of the medium “pushed” by the propeller divided
by the projected propeller-wake area. In other words, the
propeller imprtrts the full interference velo~ity w to a column
of air of cross-section K per unit area of the ultimate propeller

wake. The dia,meter of such a column is therefore ~ for a
propoller wake of unit diameter. Although mathematical
refinements will not be considered in the present paper, this
physical interpretation should sutlice to indicate the nature
of the coefficient and the designation adopted. It will be
shown herein that the coefficient K is readily obtained by
direct measurements, to be described later.

/.0 m 1 i I 1 1 I I 4 I i 1 I I I I 1 1 1
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FJOUUE s.—hf~ mxlhdentc u&@ ~ for varfousnwntwrsof blad~ for sfnglsrotating

l?iguro 3 shows curvss for various values of the mass
coefficient Kfor the cases for which K(z) is lmown-that is,
for the single-rotating two- and four-blade propellers from
tables I and II—as
number of blades.
integration. With

well as for the limiting case of an infinite
This latter case is redly obtained by

K(z) =+$-#

is obtained or, rtfter integration,

The curve for this equation is shown as the upper limit line
in figure 3. Vahma for three- and six-blade propellemj which
were crtlculatedfiom data by Lock and Yeatnmn (reference 3),
are also shown in figure 3. The curves in iigure 3 are
used later for comparison with data obtained in the present
investigation.

ELECTRICAL METHOD AND EQUIPMENT FOR MEASURING
~(x)AND K

DfBCIUM’ION

It is well knowm that the flow-of electric currents in a field
of uniform resistance is mathematically identical with the
flow of a perfect fluid. The velocity potential may be per-
fectly reproduced by an electrical potential, provided the
boundary conditions me identical.

s43110-a~

I?or the present problem a direct measurement of the mro-
dynamic field behind a propeller presents insurmountable
d.ifliculties; in conhadistinction, the electrical method of
measurement is convenient and accurate and, in addition,
permits the determination of local as well as integrated
effects. The arrangement may, in fact, be considered a
special calculating machine for solving the differential equa-
tion for given boundary conditions rather than a means for
obtaining experimental solutions.

Since the ideal flow (far behind the propeller) is identical
with the flow around a rigid helix moving at a constant
velocity in the direction of its axis, the corresponding electric
field is obtained very simply by inserting an insulating helix
surface in a conducting liquid and applying a uniform field in
the direction of the helix axis. The vessel confining the
liquid is a long cylindrical shell, also of insulating material.
The vessel is closed at both ends by copper end plates that
are used as electrodes to apply the potential. The tesh
specimen helix is placed coaxially with the shell. The confin-
ing shell is considerably larger in diameter than the test helix

Figure 4 is a photograph of the test setup for the direct
determina tion of the mass coefficient K. The cylinder on
the right constitutes a dummy compensating resistance.
The electrolyte used in these experiments consisted of tap
water from the local water-supply system. The source of
current was a 1000-cycle alternating-current generator
producing a rather pure wave form at an available voltage
of about 100 volts, which was applied to the electrodes. An
exploring device consisting of a be glass-insulated platinum
wire with an exposed tip was used to determine the voltrge
at any point on the helix surface. This pickup device
formed a part of a potentiometer circuit used in a Whea&
stone bridge arrangement with a sensitive telephone as a
zero indicator. When voltage readings were taken, no
current passed through the telephone and the exploration
wire. This type of measurement is inherently accurate; the
error in the electrical measurements is estimated as not more
than one part in 10,000.

Figure 5, also a photograph, shows the equipment used in
the manufacture of the helix surfaces. The vertical insulated
cylinder is an electrically heated oil tank. To the top center
of this tank is attached a simple die or guiding device with a
spiral slit through which the heated plastic sheet material
is pulled at a uniform rate. A fan is used to supply cooling
air at a uniform rate. With certain precautions an ahnost
perfect helix is produced. Two models of single helk sur-
faces thus obtained are shown at the left and center in
figure 6. A preliminary type of built-up model of laminated
construction, which was abandoned as too inrtccumte
and expensive to build, is shown on the right in i@u-e 6.

In figure 7(a) are shown examples of dual helix surfaces
used for the main investigation. A four-blade dual-wake
model is shown on the left and a six-blade dual-wake model
is shown in the center. On the right is a four-blade single-
rotation helix surface with four-blade “guide vanes.” In
&u.re 7(b) are other examples of high~rder multiple dual-
rotation wake models. Some additional examples of single-
rotation wake models with guide vanes are shown in iigure 8.
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The method of building the dual helix models is indicated in
figure 9. Unit surfaces were cut from right- and left-
handed helix surfacea and glued together to form a multiple
dual helix Fortunately these complex builtap dual models
were needed only for determmm“ “ g the mass coefficient K and
did not have to -be too accurate in detail.

For the dual-rotating-propeUer field a significant property
is to be noted: The field repents itself not only along the axis
but also circumferentid.ly. A “unit cell” consisting of the
helk surface between two successive lines of intersection is
representative of the entire helix. It may be seen that the
boundary condition is taken care of by inserting two insulab
ing planes containing the axis and the two intersecting lines.,
respectively, and by using conducting end planes perpendic-
ular to the axis which contain the same two intersecting lines.
The vessel may therefore be given the form of an open V-
shape tray with the electrodes at each end. The reprwenta-
tive helix may be obtained simply by stretching a rubber
membrane from one corner of the tray to the opposite corner
at the other end. The membrane is equipped with stitl
radial spokes and is securely clamped in place. It auto-
matically assumes a spiral shape, the effects of gravity be@g
of secondary order. The entire tray is arranged on a machine
lathe with the helix axis along the center line and the explor-
ing needle is attached to the carriage. This arrangement

.—

!,.
I
t
I

i

I
I

I

af?ords convenient reading of the voltage at any point on the
spiral surface. In order to increase accuracy, the tmys wore
made of considerable size, 6 to 10 feet long. By changing
the length and the angle of the tray, all values of x and tlm
effect of the number of blades could be investigated.

In figures 10 and 11 are shown exporhnental setups for
measuring the potential distribution K(z). The connections
leading to the exploring needle may be seen in figmw 11.

Figures 12, 13, and 14 show the general arrangement for
determination of the potential distribution on durd wako
models. Figure 12 shows n unit cell for very low advnnco
ratio. Note the V-shape test tank and the adjustable end
plate to change the advance ratio. Note, also, tho rubbm
membrane stretched be bween opposite corners. I?iguro 13
shows the arrangement for supporting the exploring needle.
In figure 14 is finally shown the complete experimental mtup
for dual helix surfaces of very high pitch.

WALL RND,AND TRlCKNE23S CORRECTIONS

The similaritybetween the electricaltestmethod and the

conventional wind-tunnel method may be extended also to

include certain corrections. Obviously them is a correction

that corresponds to the customary wall correction. This

correctionisreadily ascertainedby use of vesselsof clifferent
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diameters, a procedure that cannot be easily utilized in wind-
tumel practice. It should be noted further that the wall
corrections are obtained with great accuracy since each read-
ing by the electrical method is more precise than its aerody-
nrunic counterpart. By using tube diameters about three
times the diameter of the test spiral the error in the results
was reduced to leas than M percent.

A correction not appearing in aerodynamic practice is the
end correction. This correction occurs only with singl~
rotating propellem and is therefore of minor importance in
the present investigation. Dual-rotating propellers posseas
planes of constant potential perpendicular to their axea, and
the ends therefore cause no d.iflicultiea. By cutting the dual
helix at a plane of constant potential and by inserting a
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conducting end plate in the cylinder the boundary condition
is satisfied. For single helix surfaces, tests on two lengths
of the same helix must be used and the difference observed.
This procedure- was used to measure the maw coefficient
K. To measure the potential distribution~(z) a long helix

isrequired,the measurements to be made near the middle.

Another source of.error existsfor which the correctionhas

been referred to aa the thickness correction. This error

resultsfrom the factthat the material of the helixsheet must

have a ilnitethickness. This error may be determined by

using sheeti of two or more thicknesses. It is readily seen

from theoreticalconsiderationsthat approximately one-half

the thiclmws of the sheet must be added tQ the diameter in

order to obtain an equivalent infinitelythin sheet.
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It should be mentioned finally that there is an error resuh
ing horn inm.curaciea in the model vortex sheets. The error
in K(z) can be minimized by using mean values from a
large number of readingg over a considerable portion of the
helix. Fortunately, there is no effect on the masa coefficient
Ksince this coefficient is a mean-value parameter.

PROOF~THAT THE MASS COEFFICIENTK 1S THE BLOCKING EFFECX OF
THB (INFINITELYLONG) HELIX SURFACE

The mass coefficient K is obtained experimentally by
measuring the change in resistance caused by the helix
surface when inserted in the cylindrical container. On
inserting the (in6nitely long) helix in the container, the
current between the end plates 10 is decreased by a definite
amount AI, and it can be proved that

XF AI~=~

AI S
‘=K T

- _– ___ —– —

or

where F is the projected cross section of the helix and 8 is
the cross section of the cylindrical container.

By Green’s theorem

J J
“(UTW–WV U)du= :( UV2W–Wv’U)dr
.

If
v~u=v~JV=Q

it follows that

J (Uv W–Wv U)dn=O
u

Let W be the distance z along the helix axis measured
from a reference plane perpendicular to the rmis; VW is
therefore a unit vector in the direction z. Let U be tho
potential resultingfrom the applied voltage and tbo local

gradient VU may be written

UOivu=~~

Figure 9.-St@LH h the couinmthn of the moremmplkatedhelixsnrfams.
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where UO is the constant voltage difference between the . 1
oud plates, which are placed at an axial distance L apart, JToAUdA,

and i is the local onrrent and & the currht at infinity. If
the surface integrals for the entire enclosed helix snrface A may be written in the form

rmcl the end snrfaces iS, respectively, are taken, the following
relation is obtained J#a (u,–U,)fu’

J’AU’A1=JS(U-Z%)’S
or

where the integral is taken over one turn of one helix for one

hJ.udAs=JX%WW
side only, as VI — U~is the di.ilerence potential between the
two sides of the sheet. The voltage drop per sheet is

where the integds are to be taken over both sides of the i&H
p helix surfaces and over both end plates. However,

——
Lp

FIcWRE13.-Urdt calffor very low edvana3ratfo,shewfrrgarmngomentof orplorfngdevfce.
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By definition

Thus

K(z) ++
—.
Lp

&J, UdAZ=J,K(X)dF=2FEK(X)X&=fi

and therefore
KF U
— .—s 1,

where 10 is the total current between the end plates with a

uniform gradient ~ in the field.

EIU?ERIMENTAL DATA

MAS9 COEFFICIENT K

Numericfd values for the mass coefficient K, obtained on
dual-rotation wake models, are shown in figure 15. This
chart is probably adequate for all practical purposes, as a
large range of advance ratio has been covered. The ‘desig-
nation used for the propellem comprises three digits: The
tit digit refers to the number of right-handed blades, the
middle digit to the number of guide vanw, and the last
digit to the number of Iefkhanded blades-for instance,

“1w.

3+3 represents a dual-rotating propeller with threo righb
handed and three left-handed blades. The highest numbcw
of blades tested was for a 6-O-6 or twelve-blade propeller.

As a matter of interest, it is very fortunate that the rnothod
and equipment could be tried out i~ all its rwniilcations on
the known case of the Goldstein curve for a two-blade pro-
peller. The Goldstein curve is the curve in figure 15 marlcod
“Theoretical.” The test points, which have been cor-
rected for wall, thiclmess, and end effects, are shown. Except
in a very few cases, the test points lie on the theoretical
curve for the two-blade propellers. The somewhat lessor
consistency in the casea of dual-rotating propellem is not duo
to inherent test inaccurag but rather to a necessary limita-
tion on time and equipment for making the models, per-
forming the tests, and obtaining the corrections. The thick-
ness correction for the high advance ratios is considomble.
Note that three thiclmesaes have been used for many of tlm
test points. A glance at one of the composita models shown
in figure 7(b) will suffice to indicate the labor involved in
producing the models. Each test point in figure 16 repre-
sents a ditTerent complete model; some fifty models thus am
represented by the results shown. This number was neces-
sary in order to include all propellers and all advance ratios
of interest at present and in the future.

Results for single-rotation wake models with guide wmcs
are show-n in figure 16 for two-, three-, and four-blade pro-
pellers, respectively. Such guide vanes axe supposed to
represent stationary vanes arranged immediately in front of
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or behind the propeller to straighten the flow. It should be
noted that the cases shown correspond to those of an ideal
thrust distribution both on the propeller and on the guide
vanes. The uppermost curve in each part of figure 16 is
reproduced for purposes of comparison with -the correspond-
ing dual case.

DISTIUBUTIONFUNWON K(.sJ)

The measured potential distributions on dual wake
models me shown in figure 17. These tests were made on
large-scule unit cells of the type described earlier. Figure 17
contains results on 2-O-2, 4-O-4, and 6-O-6 dual-rotating
propellers, in each case for three advance ratios. The
potontiol drop is given in nondimensional form and is
plotted against the rmihm Each curve represents a radial
line on the helix. The angular position of the radifd line is
given as a fraction of the cell semiangle measured horn the
middle or symmetry line of the cell.

I?igure 18 shows K(z) as the potantiaI diilerence at the
zero angle or midway between two successive intersecting
lines, The results are arranged in order showing the four-,
eight-, and twelve-blade dual-rotating propelkws at three
advance ratios.

The function K(o) is shown in figure 19 plotted against
the angle measured from the same zero reference angle.
Results are shown for the same three propellem at the same
three advance ratios. Curves are shown for three values of

11
the radial distnnce z =–
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DISCUSSION

The concept of a mass coficieut K deiined as

hasbeen introduced, where K(z) is a nondimmsional distri-
bution function and z is the nondimensional radius. Nu-
merical vfdue9 of K for the known cases of single-rotating
propellem are shown in figure 3. It is noted that the mass

coticient drops rapidly with the advance ratio. For~}S=2,

the vahe of K is less than 0.5 even for an infinite number of
blades and is less than 0.2 for the two-blade singl~rotating
propeller.

For dual-rotating propellers the mass coefficient defined a

SS
llZT

K——— q-c, 0)37 Oh do
rrJo

is considerably larger. A 2-O-2 propeller has, in fact, a

‘+W 2 than the single-rotatinglarger mass coefficient at ~=

propeller with an infinite number of blades. The 6-o-6
propeller at the same advance ratio has a mass coefficient
K=O.79 or near unity. (See& 15.)

The effect of guide vanes is of considerable practical interest.
These vanes are stationary and sire arranged either immedi-
ately in front of or behind the propeller. The question is
whether such a stationary system in some cases may be more
acceptable than a dual arrangement of countemotating pro-
pellers. As an example, consider a three-blade single-rotating
propeller at an advance ratio, of 3. (See @g. 16(b).)
The masa coefficient K of the propeUer done is seen to be
0.142; the 3-2-O propeller with two guide vanes shows a
value of K of 0.238, and the 3-4-O propeller with four guide
vanea shows a value of K of 0.286. For comparison, the
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six-blade dual-rotating propeller shows a vah.m of K of
0.486 at the same advance ratio. If a dual-rotating pro-
peller is not used, the double guide vane is undoubtedly
desirable in some casea. Actually, the induced loss is
reduced to about half m compared with the loss in the case
without vanes. The diihrence in the effect of two or four
vane9 is relatively sqdl.

LANGLEY MELIORIAL AERONAUTICAL LABORATORY,

NATIONAL ADVISORY COMMImE FOR AERONAUTICS,

LANGLEY l?IELD,VA.,May 27, 1944.

APPENDIX

SYMBOLS

v advance velocity of propeller

w rearward displacement velocity

surface (atirdinity)

‘n rotational speed of propeller,

second

of helical vortex

revolutions per

angular velocity of propeller (2z-n)

; diameter of vortex sheet
V+w
-ZD-- advance ratio of wake helix

~=~ v-l-w
T nD

H

r
K(x)

K(z,e)
P

K

x

r

R

e
F
s
10
Ar

V+w()pitch of wake helix ~

circulationat radius r

circulationfunction for single-rotation

( )

pru -
2.( V+W)W

circulation function for dual rotation
number of blades of propeller or separate helix

surfacea

(s
mw coeiiicient 2 lK(z)z oh

o

SS112X
or — K(z, O)Zdx u%lroo )

ratio of radiu9 of element to tip radius of vortO----

sheet (r/l?)

radius of element of vortex sheet

()
tip radius of vortex sheet ~D

@or coordinate on vortex sheet

projected area of helix (mm

area of end plates of cylindricaltesttank

current through test tank with helixremoved

reduction in current due to presence of helix

REFERENCES

1. Goldstein, Sidney: On the Vortex Theory of Scmmv Propellers
Proo. Roy. Soo. (London),ser.& vol.123,no. 792,April 6,
1929, pp. 440465.

2. Kramer, K N.: The ~duced Effioienoy of Optimum Propellers
Having a Finite hTumber of Blades. ~ACA TM No. S%
1939.

3. Lo&, C.N.H.,and Yeatman, D.: TablesforUse inan Improved
l~ethod of AirscrewStripTheory Calculation.R. & JI.No
1674,BritishA. R. C.,1935.


